Available online at www.sciencedirect.com

ScienceDirect Procedia

Computer Science

CrossMark

Procedia Computer Science 195 (2021) 419426

www.elsevier.com/locate/procedia
XI Latin and American Algorithms, Graphs and Optimization Symposium

Maximum number of r-edge-colorings such that all copies of Ky are
rainbow

Josefran de Oliveira Bastos*!2, Hanno Lefmann®?, Andy Oertel>*, Carlos Hoppen®>,
Dionatan Ricardo Schmidt®®

“Departamento de Engenharia da Computagdo. Universidade Federal do Ceard. Sobral-CE, Brazil
b Fakultdt fiir Informatik. Technische Universitiit Chemnitz. Chemnitz, Germany
CInstituto de Matemdtica e Estatistica. Universidade Federal do Rio Grande do Sul. Porto Alegre-RS, Brazil

Abstract

We consider a version of the Erd&s-Rothschild problem for families of graph patterns. For any fixed k > 3, let ry(k) be the largest
integer such that the following holds for all 2 < r < rg(k) and all sufficiently large n: The Turdn graph T,_;(n) is the unique
n-vertex graph G with the maximum number of r-edge-colorings such that the edge set of any copy of K; in G is rainbow. We
use the regularity lemma of Szemerédi and linear programming to obtain a lower bound on the value of ry(k). For a more general
family # of patterns of K, we also prove that, in order to show that the Turdn graph 7}_;(n) maximizes the number of P-free
r-edge-colorings over n-vertex graphs, it suffices to prove a related stability result.
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1. Introduction

For a fixed graph F and a fixed positive integer n, the classical Turdn problem asks for the maximum number
ex(n, F) of edges in an F-free n-vertex graph, that is, in an n-vertex graph G with no copy of F as a subgraph.
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Moreover, it asks for a characterization of the F-free n-vertex graphs G with ex(n, F') edges, which are said to be F-
extremal. This problem was fully solved by Turdn [13] when F = Kj is a complete graph on k > 3 vertices. He showed
that any Kj-extremal n-vertex graph is isomorphic to the Turdn graph Ty—(n), namely the complete (k — 1)-partite
graph whose parts have size as equal as possible. There are many graphs F for which the Turdn problem has not yet
been solved, particularly when F is bipartite. In addition to its direct influence in Extremal Combinatorics, the Turdn
problem has given rise to a large number of related problems. In this paper, we investigate one such problem involving
edge-colorings, known as the Erdds-Rothschild problem [6].

Let [r] = {1,...,r} be a set of colors. For simplicity, we write r-coloring to refer to an r-edge-coloring. For a fixed
graph F, a pattern P of F is a partition of its edge set. An r-coloring of a graph G is said to be (F, P)-free if G does
not contain a copy of F in which the partition of the edge set induced by the coloring is isomorphic to P. Let  be a
pattern family, i.e., a set of pairs (F, P) for which F is a graph and P is a pattern of F. If all patterns in the family are
of the same graph F, we refer to a pattern family of F. We say that an r-colored graph G is P-free if G is (F, P)-free
for all pairs (F, P) € P.

In 1974, Erdds [6] wrote that, together with Rothschild, he considered a question about r-colorings of a graph G
that avoid monochromatic copies of a given graph F. In our notation, they considered 7(,?’1 -free r-colorings of G for
the family 7(,?” = {(Kx, {E(Ky)})} consisting of the pattern of K; where all edges lie in the same class of the partition.
ErdSs and Rothschild conjectured that, for any fixed k > 3, the Turdn graph T)_;(n) admits the largest number of
‘K,f” -free 2-colorings among all n-vertex graphs, where n is large. Yuster [14] showed that this is true for kK = 3 and
n > 6, while Alon, Balogh, Keevash and Sudakov [1] proved the remaining cases for large n (see also [8]). For larger
values of r, Erd6s and Rothschild also asked whether the following holds for all or almost all choices of graph F: For
all fixed & > 0, does any large n-vertex graph G admit at most {!+&) ) distinct r-colorings with no monochromatic
copy of F? The work of Alon, Balogh, Keevash and Sudakov [1] also implies that the answer to this question is no
for r > 4 and all graphs with (vertex) chromatic number at least three.

More generally, this problem may be stated as follows. Given a positive integer r, a pattern family # and a graph
G, let C,»(G) be the set of all P-free r-colorings of a graph G. We write ¢, p(G) = |C,.»(G)| and

crp(n) = max e, p(G): V(G| = n ). o))

We say that an n-vertex graph G is (r, P)-extremal if ¢, p(n) = c¢,p(G). Clearly, determining ¢, »(n) and the correspond-
ing set of (r, P)-extremal graphs is a generalized version of the problem considered by Erd6s and Rothschild, where
P consisted of the monochromatic pattern of a given graph. Note that the Turdn problem may also be formulated
in this setting: for a graph F, consider the pattern family P“F” that contains all possible patterns of F and fix » > 2.
Clearly, a graph G admits a P4/'-free coloring if and only if it is F-free, in which case Cpul(G) = PE©@ Thus G is
(r, P4")-extremal if and only if it is F-extremal.

Balogh [3] was the first to study a problem of this type for non-monochromatic colorings. Recently, there have been
several results in this direction, both in the monochromatic and in more general settings. Another class of patterns
that has been studied is the class of rainbow patterns. Given a graph F, the rainbow pattern F¥ is the partition of
E(F) such that each class contains a single edge. For any fixed k¥ > 3 and r > (k§1)8k+4, Hoppen, Lefmann and
Odermann [11] showed that, for large n, the Turdn graph Ty (n) is the unique n-vertex (r, K ,f)-extremal graph, where
XK ,f = {(Kk, K,’f )}. We also refer to [4, 5] for recent results involving rainbow patterns. A simple consequence of known
results is that, if SD;: is any pattern family of K that contains K,’f , then there exists r; such that, for all r > r;, the Turan
graph T;_1(n) is the unique n-vertex (r, ;)-extremal graph for large n. On the other hand, if #} is any pattern family
of K that does not contain KX, there exists r» such that, for all > r,, the Turan graph T)_,(n) is not (r, P;)-extremal
for large n.

In this paper, we consider the family # of all patterns of K} that have fewer than (’2‘) classes, that is, all the non-
rainbow patterns of K. This means that colorings in C,.p,(G) are such that all copies of K are rainbow. Clearly, for
2<r< (’;) colors the Turan graph T_;(n) is optimal and it is the only such n-vertex graph for any n. The discussion
in the previous paragraph implies that there is a largest positive integer ry(k) such that, for all 2 < r < ry(k) and
all sufficiently large n, the Turdn graph T;_;(n) is the unique n-vertex (r, Py)-extremal graph, see Section 5 for more
information. Our main result is the following lower bound on ry(k) for all k > 3. For k = 3, itleads to 12 < ry(3) < 26,
recovering a result of [9].
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Theorem 1.1. For a fixed integer k > 3, consider the quantity r;(k) defined in (13). For all integers 2 < r < ry(k),
there is ng > 0 such that any graph G of order n > ny satisfies ¢, p,(G) < r**"K0 and equality holds if and only if G
is isomorphic to the Turdn graph Ti_i(n).

The proof implies that rj(k) > 2(’2‘) for all £ > 3. To prove Theorem 1.1, we use a stability approach, in which
we first show that all graphs that admit a large number of feasible colorings must be structurally similar to the Turan
graph. This may be formalized as follows.

Definition 1.2. Let F be a graph with chromatic number y(F) = k > 3 and let Pr be a pattern family of F. We
say that Pr satisfies the Color Stability Property for a positive integer r if, for every 6 > 0 there exists ng with the
following property. If n > ng and G is an n-vertex graph such that c.p.(G) > r™"F) then there exists a partition
V(G) = ViU---UV,_1 such that Z;‘z_ll e(Vy) < 6n?, where e(V;) denotes the number of edges of G with both ends in V.

Hoppen, Lefmann and Odermann [11] showed that if the family # = {(K}, P)} satisfies the Color Stability Property
for a positive integer r and for a pattern P for which there exists a vertex v in K such that all incident edges are in
different classes of P then the Turdn graph Ty_i(n) is (r, P)-extremal for large n. To derive their main result, it was
sufficient to prove that 7(,5 satisfies the Color Stability Property for r > ry.

To prove Theorem 1.1, we obtain a similar result for pattern families. For positive integers r and k, we say that a
pattern family ‘Pf of Ky is (r, k — 1)-vertex saturated if, for any pattern P’ of the star K; 4_; with (k — 1) edges, there
exists a pattern P € Pi and a vertex v € V(K}) such that the pattern induced by P on the edges incident with v is
isomorphic to P’. We prove the following.

Theorem 1.3. For fixed integers k > 3 and r > 2, let SDi be a (r,k — 1)-vertex saturated pattern family of K. If Pi
satisfies the Color Stability Property for r, then there exists an integer ny > 0 such that the following holds for every
n > ny. If G is an n-vertex graph, then Crps (G) < r*Ko_ Moreover, the only graph on n vertices for which the number

of (r, Pﬁ)-free r-colorings is equal to r**""%9) is the Turdn graph Ty_;(n).

Using Theorem 1.3, we may prove Theorem 1.1 by showing that the pattern family $ satisfies the Color Stability
Property for 2 < r < rj(k).

Lemma 1.4. For a fixed integer k > 3 and the quantity rjy(k) defined in (13), the following holds for all integers
2 < r < ry(k). For every 6 > 0 there exists an ny such that if G = (V,E) is a graph on n > ng vertices such that
Crp(G) = 1KY then there is a partition V = Vi U --- U Vi of its vertex set such that Zf:_ll e(V;) < 6n.

The proof of our results combines the general strategy in [1] and [11] with linear programming. In the next section,
we introduce the basic preliminary results and notation required. In Section 3, we prove Theorem 1.3. This leads to
our main result in combination with Lemma 1.4, proved in Section 4. It turns out that, for any fixed integer k > 3,
there is a largest positive integer ry(k) for which the statements of Theorem 1.1 and Lemma 1.4, respectively, are true.
Upper bounds on ry(k) are discussed in Section 5.

2. Notation and Basic Tools

Let G = (V, E) be a graph. We write e(G) = |E(G)| for the number of edges in G. For subsets A, B C V of vertices
we write e(A) = e(A, A) for the number of edges with both ends in A and e(A, B) for the number of edges with one
end in A and other in B. Let d(A, B) = e(A, B)/(|A||B|) be the edge-density between A and B.

One important tool that we use is Szemerédi’s regularity lemma. For £ > 0 the pair {A, B} is called e-regular if, for
every X C A and Y C B satisfying |X| > &|A| and |Y| > ¢|B|, we have |d(X,Y) — d(A, B)| < €. An equitable partition
of a set V is a partition of V into pairwise disjoint classes Vi,...,V,, such that ||V;| = |V}|| < 1 forall i, j € [m]. An
equitable partition V; U --- U V,, of the vertex set V of G is called &-regular if at most s(’;) of the pairs {V;, V;} are not
e-regular. We use the following version of the regularity lemma for edge-colored graphs, which may be found in [12,
Theorem 1.18].

Lemma 2.1. For every € > 0 and every positive integer r, there exists an M = M(g, r) such that the following holds.
If the edges of a graph G of order n > M are r-colored E(G) = E{ U ---U E,, then there is a partition of the vertex set
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V(G) =V, U.--- UV, with 1/e <m < M, which is e-regular simultaneously with respect to the graphs G; = (V, E;)
forallie [r].

A partition V; U --- UV, of V(G) as in Lemma 2.1 will be called a multicolored e-regular partition. For n > 0, we
may define a multicolored cluster graph H(n) associated with this partition, where the vertex set is [m] and e = {i, j}
is an edge of H(n) if {V;, V;} is a regular pair in G for every color ¢ € [r] and the edge-density of the pair {V;, V;} is at
least 1 for some color ¢ € [r]. Each edge e is assigned the list L, containing all colors for which its edge-density is at
least i, so that |L,| > 1 for all e € E(H(77)). We say that a multicolored cluster graph /H contains a colored graph F,if
H contains a copy of the (uncolored) underlying graph of F for which the color of each edge of F is contained in the
list of the corresponding edge in H. More generally, if F is a graph with color pattern P, we say that H contains (F, P)
if it contains some colored copy of F with pattern P. In connection with this definition, we may obtain the following
embedding result, whose proof follows from arguments such as in the proof of [12, Theorem 2.1].

Lemma 2.2. For every n > 0 and all positive integers k and r, there exists € = &(r,n,k) > 0 and a positive integer
no(r, 1, k) with the following property. Suppose that G is an r-colored graph on n > nq vertices with a multicolored
e-regular partition V = V{U- - -UV,, which defines the multicolored cluster graph H = H(n). Let F be a fixed k-vertex
graph with a color pattern P. If H contains (F, P), then the graph G contains (F, P). O

For the proof of Theorem 1.3, we are going to use the following auxiliary proposition.
Proposition 2.3. Let r > 0 and k > 2 be positive integers and let 7(\;( be an r-colored copy of the complete graph K
with vertex set {v1, ..., vy} such that each edge {v;,v;} has color a;; € [r]. Let w: [k] — (0, 1], with w(i) < 1/(i - 1)
forall 1 < i <k, be a non-increasing function and fix B > w(i)/w(i — 1) forall 1 <i < k. Let G be a colored graph
whose vertex set contains mutually disjoint sets Wi, ..., Wy with the following property. If for every pair {i, j} C [k]
and all subsets X; € W;, where |X;| > w(k)|Wi|, and X; € W, where |X;| > w(k)|W,|, there are at least BIX;||X| edges
of color a; j between X; and X; in 5, then G contains a copy off(\k with one vertex in each set W;.

Another basic tool in our paper is a recent stability result for graphs due to Fiiredi [7].

Theorem 2.4. Let G = (V,E) be a Ki-free graph on m vertices. If |E| = ex(m, K;) — t, then there exists a partition
V=ViU...UViwith Y e(V)) < t.

We also use the following lemma due to Alon and Yuster [2, Lemma 2.3].

Lemma 2.5. Let 0 < t < m?/(4(k — 1)*) be fixed and let G be a (k — 1)-partite graph on m vertices with partition
V(G) = Uy U --- U Ui_1 and with at least ex(m, K;.) — t edges. If we add at least (2k — 1)t new edges to G, then in the
resulting graph there is a copy of Ky with exactly one new edge, both of whose endpoints lie in U, for some i € [k—1].

We use the following fact about the sizes of the classes in a (k — 1)-partite graph with many edges.

Proposition 2.6. []1, Proposition 2.7] Let G = (V, E) be a (k — 1)-partite graph on m vertices with (k — 1)-partition
V=ViU.---UV,_. If, for somet > (k— 1)2, the graph G contains at least ex(m, Ky) —t edges, then fori € {1,...,k—1}
we have ||V;| = m/(k — 1)] < V2.

Let H: [0, 1] — [0, 1] be the entropy function, where H(x) = —xlog, x — (1 — x) log,(1 — x) with H(0) = H(1) = 0.
It will be convenient to use the following inequalities forall 0 < @ < 1 and all 0 < x < 1/8:

(”)sz”@”" and  H(x) < —2xlog, x. )

an

3. Proof of Theorem 1.3

For the proof of Theorem 1.3 we are going to use the following result by Hoppen, Lefmann and Nolibos [10].

Theorem 3.1. Let P be a pattern family of a complete graph Ky, with k > 3, and let r > 2 be an integer. For any
positive integer n, there exists an n-vertex complete multipartite graph that is (r, P)-extremal. Moreover, if there is
an n-vertex graph G that is (r,P)-extremal and G is not a complete multipartite graph, then there are at least two
non-isomorphic n-vertex complete multipartite graphs that are (r, P)-extremal.
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Proof of Theorem 1.3. Fork >3 andr > 2, let Pi be an (r, k—1)-vertex saturated pattern family of K that satisfies the
Color Stability Property (Definition 1.2) for r. Let ng be given by the Color Stability Property for 6 = 1/(5%*+1r4k?).

By Theorem 3.1, let G be a complete n-vertex s-partite graph, with n > ng, such that Crps (G) = r*™Ko By Turdn’s
Theorem, G is isomorphic to Ty_;(n) or s > k. For a contradiction, assume that s > k. Let V(G) = V; U --- U V4
be a partition of the vertex set of G such that Zf;ll e(V;) is minimum. This implies that, if v € V; and j € [k — 1],
we have [IN(v) N V;| > |[N(v) N Vj|. Moreover, by the Color Stability Property, we have Zf:ll e(V;) < o6n*. Thus, by
Proposition 2.6, for all i € [k — 1] we have |V;| > n/(k — 1) — V2én.

Since G is a complete s-partite graph and s > k, there is an edge uv such that u and v lie in the same class,
say u and v are in V;; moreover, every vertex x € V(G) must be adjacent to either u or v. So, if we assume that
IN(v) N V1| > IN(u) N V|, we have, by the choice of ¢, that [N(v) N V}| > n/(2k) for all i € [k — 1].

We shall prove that G must have fewer than r*X© distinct P} -free colorings, the desired contradiction. To this
end, let us analyse the structure of a fixed Pi -free r-coloring G of G.Fori € [k — 1], define W; = N(v) N V;. By the
pigeonhole principle, there exist colors ay, ..., @, € [r], not necessarily distinct, and subsets W™, ..., W,‘:f’l‘, with
W C W;, such that all edges between v and W} have color @; and |W;"| > n/(2rk).

By definition of 7’2 , there exists a pattern P such that (K, P) € Pi and a vertex x € V(K}) such that the pattern
of the edges incident with x is isomorphic to the pattern induced by the colors «/, ..., ;. Since G is (Ky, P)-free,
we apply Proposition 2.3 with 8 = 1/ 5% and w(i) = 1/(5r%) for every i € [k] to fix a color 4 € [r] and a pair (X;, X)
that satisfies X; € W.", where |X;| > w(k — 1)|W;"| and X; C W;.Y’ , where |X;| > w(k — l)IW;"'I and there are fewer than
BIXil1X;| edges of color & between |X;| and [X/].

We use this to bound the size of C P (G). Note that there are r choices for the color & and at most 22" choices for
the sets X; and X;. Once we fixed the color / and the sets X; and X; we have at most

( | X111

XX /5 z) (= DI QHSPINI (= I S ((572)35 (- 1>)|Xi”X/|
ill& 1/ 21

ways to color the edges between X; and X ;. We have at most ex(n, Ky) + on? — XX | other edges in G. Finally, since

— 1 n? n?
6= 52T, A2 and |X;[|X;| > IPRGAEI ~ s Tames We have

IC ps G)| < r22n . (5r2)$|xi||xj| (- 1)\Xinj\ . rex(ns[(k)+5n2_|xi”xj|
rP; =

5,27 XX 1/57
< [25r4 (" - 1) ) . pex(n.Ki)+26n?

r

ex(n,Ky)+20n2—|X;|1X /5% ex(n,Ky
< r ( k) | 1” /l/ <r ( l\),

which leads to the desired contradiction. O

4. Color Stability Property of the family

The aim of this section is to prove Lemma 1.4. In combination with Theorem 1.3, it establishes Theorem 1.1.

Proof of Lemma 1.4. Let k > 3 and 6 > 0. In this proof, it is convenient to write £ = £(k) = (’;) — 1. Consider the
quantities Y7, < r and r(k) to be defined in (13) through the solution of the linear programs in (12). Fix an integer r
such that 2 < r < r (k). With foresight, we consider auxiliary constants £ > 0 and 77 > 0 such that

1 0

£
s _ v rn+H(rn) L d i 3
<8(k—1)(k—2)’ &< r <(Y*) an 17<2r. 3)

f b
8k — 2 .

Let € = &(r,n, k) > 0 satisfy the assumption in Lemma 2.2, and assume w.l.0.g. that & < /2. Fix M = M(r, €) given
by Lemma 2.1. Let G be an n-vertex graph, where n is large, that satisfies the statement of Lemma 1.4.

By Lemma 2.1, any colored graph G given by a P-free r-coloring of G = (V, E) is associated with a multicolored
g-regular partition V = V; U --- U V,,, which leads to a multicolored cluster graph H = H (1), where 1/e < m < M.
The main step in our proof is showing that there is one such H with a large number of edges with large lists.
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Claim 4.1. There exists a multicolored cluster graph H = H(n) such that
erry(H) + -+ + e(H) = ex(m, Ky) — ém’. )

Before proving this claim, we show that it implies the desired result. Fix a multicolored cluster graph () that
satisfies (4). Using Theorem 2.4, let H be a (k — 1)-partite subgraph of H with V(ﬁ) = U U---UU. and
e(H) > ex(m, Ky) — 2Em>. We claim that e;(H) + -+ + err-1(H) < (4k — 2)ém?. Otherwise, Lemma 2.5 can be
applied and the graph obtained by adding the edges Ey U - -+ U Ej./q-1 to H would contain a copy of Kj such that at
most one of the edges is in £y U --- U E[,/»-1 and all the others are in Ej,/; U --- U E,.. The sum of the sizes of the
lists of edges in this copy is at least 1 + [r/£] - £ > r, so that some color appears in distinct lists. As a consequence,
H contains (K¢, P) for some P € P4, so that, by Lemma 2.2, the same happens for any coloring G leading to H, a
contradiction. As a consequence, the number of edges of 9 with both ends in a same class U, is at most (4k — 1)ém?.

Let W; = Ujey,V fori € {1,...,k — 1}. Then, by our choice of  and &, we have

(W) + -+ ec(Wier) < rn? + (nfm)? - (eq(Un) + -+ + eg(Us-1)) < 6,
as required. This proves Lemma 1.4 assuming the validity of Claim 4.1. O

Proof of Claim 4.1. Suppose for a contradiction that all multicolored cluster graphs H(n) satisfy
erra(H) + -+ + e(H) < ex(m, Ky) — Em?. ®)

To reach the contradiction, we shall estimate the number of r-colorings of G that are associated with each regular
partition V(G) = V; U--- UV, and each multicolored cluster graph H = H () associated with it. First, notice that for
any multicolored e-regular partition of G we have at most rn” edges e that satisfy one of the following conditions:
(a) the endpoints of e are in the same class; (b) e connects vertices in an irregular pair; (c) e connects vertices in two
classes for which the color of e has density less than 7. This set of edges can be colored in at most #* different ways.
Note that all edges vw of G that have not been considered so far must be such thatv € V;, w € V;and e = ij € E(H), for
some i, j € [m], i # j. Also, the color assigned to it is in L,. Let Ej(H) = {e € E(H) : |L,| = j} and e;(H) = |E;(H),
for all j € [r]. The number of r-colorings of G that give rise to the partition V = V; U .- U V,, and to the multicolored
cluster graph H is bounded above by

5 : () : ()
n . rrr]n2 . 1_[ je,-((H) < 2H(r77)n2 . rmnz X l_[ jl’/('/‘{) . (6)
mn2 j=1 j=1

Let H* be a multicolored cluster graph on m vertices that maximizes (6). There are at most M” partitions onm < M
classes and for each of these partitions there are at most 2" */2 choices for the multicolored cluster graph. Thus, using
(6), summing over all partitions and all corresponding multicolored cluster graphs H, and assuming that n is large,
the number of P;-free r-colorings of G is bounded above by

2 2
v ) r ()
M HeDE [1‘[ je,m] < prmeHom [1‘[ jef<ﬂ*>] , %)
=1 j=1

First, suppose that 2 < r < 2£. By (5), (7) and our choice of &, we have for n large that
r(rr;+H(r77))nz . rex(n,l(k)—fn2 2<) rex(n,Kk)’ (8)

which is a contradiction. This means that we may always fix (k) > 2¢.
Assume next that » > 2¢£. For a fixed positive integer y < ¢, let

or-sao (3 o).

Note that z(y) + 1 > [r/¢]forall 1 <y < {. Given a y-element set S C [r] and j € {1,...,z(y)}, let E;(S, int>1; H)
be the set of all edges ¢’ € E;(H) that satisfy |[L, N S| > 1, and let e;(S, ints1;H) = |E;(S, ints1; H)|. Counting
arguments give the following facts.
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Proposition 4.2. Consider a Py-free multicolored cluster graph H and let 1 <y < ¢.

(a) For every y-element subset S C [r], the subgraph H' of the multicolored cluster graph H with edge set
Ujﬁg{ Ej(S,ints1; H) U U1 Ep(H) is Kifree.
2(y)

UE (S, ints1; H)| >

j=1

(b) There exists a y-element subset S C [r] such that

ji ) NE(H).

j=1

Proposition 4.2 leads to the following inequality:

Z(y) r— r
Z ( ) cei(H)+ ) ep(H) < ex(m, Ko). (10)

p=z(y)+1

Pr0p0s1t10n 4.3. Consider a of Py-free multicolored cluster graph H. Forq = 1,..., Lr/(lzc)J, let H;, be the subgraph
of H with vertex set [m] and edge set E; U - - - U E,_¢4, and fix a (k — 1)-partite subgraph B}, of H;.

(a) The subgraph H,/ of the multicolored cluster graph H determined by the edge set E(B)) U U,,_, ;. 1 E p(H) is
K-free.

(b) Moreover; there exists a (k — 1)-partite subgraph B, ofﬂé such that |E(By)| > % . IE(T{é)I.

Forg=1,...,[r/ (IZ‘)J, Proposition 4.3 leads to the following inequality:
k—2 r—{-q r
— Z e (H) + Z ep(H) < ex(m, Ky). (11)

Jj=q p=r—t-q+1
Finding the maximum of H 79 of (7) is equivalent to maximizing e; In 2+e3 In 3+- - -+¢, In 7, which is a linear
objective function with respect to the variables ey, ..., e, > 0. Together with the linear constraints of (10) and (11),

we obtain a linear program as follows. Given H, fix y < € and set {(H) = (ex(m, Ky = expet(H) —--- = er(ﬂ)) /m?,
so that (H) > & by (5). This leads to the linear program

max xIn2+---+ xInz(y) (12)
) ) ( ,1) )
s.t. Z - ? xj+ Z x <1, ¥y=1..,y
J=2 (y’) j=z()+1
k-2 NV N {r—dﬁ} lr}
— + <1, = yeees | 7w
et K p=r—Zf: q+1 v ¢ (5)

where x; plays the role of e¢;(H)/( (H)m?). We set Y(r, k,y) = e“0%) where u(r, k, y) is the optimal value of the linear
program in (12). We are now ready to define our lower bound (k) on ro(k). Note that it does not depend on any aspect

of the proof other than the parameters » and k. For r > 2¢, set
Y, =min{Y(r,k,y): 1 <y < {}, ro(k) =min{r e N: Y, > r+1}. (13)

Ty

Let y* be a value of y that achieves the minimum in the first equation of (13). With the above constraints, for any
multicolored cluster graph H, we have

l_[Jej(H) _ 7(y)Je,(7-l)) <H] e IJ ,(H)) (Hj(:y;) je,-(?‘l)) . peotyet (F+-+er(H)

< sz§<ﬂ>m2 PO K)=LFHOm? o Y:k§m2 . pexOmK)=ém’ (14)
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Table 1. rj(k) for 3 < k < 15.

k 314 5 6 7 8 9 10 11 12 13 14 15
rotk) | 12 | 74 | 182 | 346 | 576 | 882 | 1273 | 1757 | 2344 | 3041 | 3859 | 4806 | 5890

Finally, by (7), (14), our choice of ¢, and as Y, <r, wehave that

w | &n? )
r(rr]+H(r7]))n2 . (Lk) . rex(n,Kk) n>><1<,(3) rex(n,Kk)’ (15)
r
a contradiction. This concludes the proof of the Claim 4.1. O

5. Concluding remarks

By using an LP-solver, we may compute the value of r;(k) for any fixed value of k. For k € {3, ..., 15}, the values
are given in Table 1. As it turns out, so far the best value of Yr*’k in (13) was achieved for y = ¢.

The focus of our paper is on lower bounds for ry(k). For k > 4 and n large, it is easy to find upper bounds on ry(k).
Consider complete s-partite graphs G = (V, E), s = s(r), with a balanced partition V = V| U--- U V. We may split the
set of r colors into (;) sets §;j, 1 <i < j<s,in abalanced way, and consider colorings of G where edges between
Vi and V; are assigned colors in §; ;. Clearly, any copy of a complete subgraph in G is rainbow. For sufficiently large
values of r, it is easy to fix s such that G has more $-free colorings than 7;_;(n). For the case of k = 3, there is a
similar construction where color classes are matchings, which gives more r-colorings than 7,(n) for all r > 27.
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